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Introduction
Subdivision schemes are recursive methods for the generation of smooth functions from discrete data. By these methods at each recursion step, new discrete values on a ner grid are computed by w eighted sums of the already existing discrete values. In the limit of the recursive process, data is de ned on a dense set of points. Considering this data as function values, under certain conditions, a limit continuous function is de ned by this process. The theory of subdivision processes is presented in e.g. 4] , 6] .
In this work we apply a class of subdivision methods with positive w eights to data consisting of convex compact sets, replacing the addition by Minkowski sums of sets, and obtain in the limit set-valued functions.
This extension of subdivision methods from the scalar setting to the set-valued case has application in the approximate reconstruction of 3-D bodies from nite collections of their parallel cross-sections.
The class of subdivision methods considered here consists of methods which generate spline functions in the scalar setting. These methods have shape preserving properties and approximation properties in the set-valued case, similar to those in the scalar case.
The proof of the shape preserving properties of the limit set-valued functions relies on the subdivision technique. Yet the limit multifunction (set-valued function) has a simple explicit form in terms of the initial sets and integer shifts of B-splines, and there is no need to compute it recursively. This explicit form also yields the smoothness and the approximation properties of the limit set-valued function.
Among the spline subdivision schemes, there is a scheme which generates in the limit piecewise linear interpolants to the given data of sets. In 11] piecewise linear approximation to convex set-valued functions is studied. This approximation consists of a piecewiswe linear interpolant to samples of a multifunction, with addition replaced by M i n i k owski sums. Thus, one can regard the present paper as an extension of 11].
The mathematical tools used for analysing set-valued functions include the support function technique for describing convex compact sets (see e.g. 10]) and methods of embedding the cone of convex compact subsets of R n in a linear normed space, with addition de ned as the Minkowski sum of sets ( 2] , 7], 8], 9]). In any s u c h linear normed space, we i n troduce a partial order generated by the set inclusion order in the cone of convex compact sets. Thus a m ultifunction with convex compact images from R to R n is considered as an abstract function with values in a partially ordered normed linear space. Monotonicity and convexity o f such abstract functions are easily expressed by the positivity of their rst and second nite di erences.
The paper is organised as follows. In section 2 basic facts about convex compact sets, their support functions and their embedding in a normed linear space with a partial order, are presented. Section 3 presents a simple example of a shape-preserving set-valued subdivision scheme. The main results about spline subdivision methods applied to convex compact sets are derived in Section 4. The explicit form of the limit multivalued spline function is obtained together with its approximation and shape-preserving properties.
Preliminaries
Denote by C(R n ) the cone of nonempty c o n vex compact subsets of R n : Recall There are various ways to construct a linear normed vector space D(R n ) relative t o the Minkowski sum, in which the cone C(R n ) i s e m bedded by a n e m bedding J : A simple embedding is J(A) = (A ). It is easy to check , using the above s t a t e d properties of support functions, that this embedding has the required four properties.
Having an embedding of the cone C(R n ) i n to a linear normed vector space D(R n ), we c a n introduce a partial order in D(R n ) and therefore in C(R n ). For that, we de ne the following cone in D(R n ):
The cone K determines the following partial order in D(R n ) :
Remark 2.1 Here a r e some observations regarding the partial order introduced a b ove:
1. By (i) and (ii) K is a convex cone. We will call a convex compact set A nonnegative w h e n J(A) , i . e . 0 2 A: A is positive i 0 2 A and A 6 = f0g.
We are interested in this work in set-valued mappings from R to C(R n ) (called also multimaps or multifunctions), and in particular in multimaps of the form
where A i 2 C (R n ) f i : R 7 ! R f i (t) 0 f o r a l l t 2 R. L e t S be the cone of maps of the form (3). We s a y t h a t F 2 S is C k if in (3) f i 2 C k for i = 1 : : : N . Remark 2.3 For the sake of simplicity we sometimes identify the set A 2 C (R n ) with its embedded image J(A) and for sets A B 2 C (R n ) we denote by A ; B the di erence J(A) ; J(B). G e ometrically, a monotone increasing set-valued map F : R ! C (R n ) has a growing image as the argument t increases. Formally, F is monotone when for a given h > 0 the rst di erence 1 h (t) = F(t + h) ; F(t) is of a constant sign. Similarly, the convexity means that the second di erence 2 h F(t) = F(t) + F(t + 2 h) ; 2F (t + h) is nonpositive (i.e. F(t) + F(t + 2 h) 2F (t + h)). The inequality (4) is opposite to the common de nition of convex scalar functions. We choose it this way in order to ensure t h e convexity of the graph of F: Clearly, in the case of a convex map F : R ! C (R n ) F( t 1 + ( 1 ; )t 2 ) F(t 1 ) + ( 1 ; )F (t 2 ) for each 2 0 1] t 1 t 2 2 R which means that the graph of F is a convex set in R n+1 : The last inclusion and property 7 o of support functions imply that for each given direction l the support function (F ( ) l ) of the convex multimap F is a concave scalar function. 
F k+1 2i+1 = 3 4 F k i+1 + 1 4 F k i : (6) Thanks to the positivity of the coe cients, we obtain convex compact sets at each stage of the process. Moreover, since the coe cients form a convex combination, the scheme has two noticeable properties: : Hence k (l ) a n d F k ( ) are uniformly Lipschitz continuous with the same constant i n t h e interval 0 N ;1] and converge uniformly to 1 (l ) a n d F 1 ( )) respectively, o n t h i s i n terval.
The shape preserving properties of F 1 (t) and its smoothness follow from the analysis of more general schemes, done in the next section. i B m (t ; i) (9) where the function B m ( ) is a B-spline of degree m, with integer knots and support 0 m +1 ] :
In the following we obtain a set-valued analog of (9) . As in the previous section, at the k-th iteration (k 1) we construct a piecewise linear multimap F k : R ! C (R n ) satisfying F k (t k i ) = F k i for t k i = 2 
Since c m] (z) has nonnegative coe cients, the second di erences remain in K at each iteration k, p r o vided they are in K for k = 0. Therefore the scheme (8) is shape preserving. By the above argumentation it is easy to conclude that the subdivision schemes (8) 
Proof: Fix a direction l 2 R n and denote k 
The fact that F 1 (t) = l i m k!1 F k (t) can be proved by the same argumentation as in the proof of Lemma 3.1 with (7) replaced by (11) and (13).
The next corollary follows from the fact that B m 2 C m;1 . The limit multimaps generated by the above subdivision processes approximate smooth multimaps in S with the same approximation order as the limit functions generated by t h e corresponding scalar schemes approximate smooth scalar functions. Note that if F is de ned in the nite interval 0 N ], then the estimate near the boundary of the interval is O(h). This follows from the corresponding result in the scalar case .
Before concluding the paper, we state a conjecture that was inspired by the famous theorem of R. Aumann 1] stating that the integral of a compact-valued multimap is a convex set. Since the Riemann integral is the limit of Riemann sums, which are in essence averages with positive w eights, we expect that the repeated application of (8) with the spline weights generates in the limit a convex-valued multifunction, even when the initial sets are compact but not convex. where coA denotes the convex hull of A.
